We analyze diffusively coupled dynamical systems, which are constructed from two dynamical systems in continuous time by switching between the two dynamics. If one of the vector fields is zero we call it a quiescent phase. We present a detailed analysis of coupled systems and of systems with quiescent phase and we prove results on scaling limits, singular perturbations, attractors, gradient fields, stability of stationary points and amplitudes of periodic orbits. In particular we show that introducing a quiescent phase is always stabilizing.
Introduction
Two different dynamics acting on the same space can be coupled in several ways, e.g. by using the Lie-Trotter approach of periodically switching between the two dynamics or by diffusive coupling. Diffusive coupling has the advantage that the resulting system is autonomous. Whereas the limiting system of the Lie-Trotter approach leads to a convex combination of the two vector fields, diffusive coupling leads to another limiting system. In the general non-linear situation the two limiting systems are not equivalent. Here diffusive coupling is studied in terms of singular perturbation theory and in terms of second order systems.
If one of the two vector fields vanishes then a given dynamics is coupled to a quiescent phase. While one could conjecture that adding a quiescent phase should have similar effects as a delay, e.g. cause oscillations in negative feedback situations, the opposite is true. Introducing quiescent phases damps oscillations or even causes them to disappear. Quiescent phases occur in population models in various ways and under various names such as quiescent state [19] We show a general linear stability theorem for systems with quiescent phases near an equilibrium, another theorem on how a quiescent phase decreases the amplitude of a periodic orbit away from equilibrium, and we show some preliminary results on the global behavior of such systems. To our best knowledge these results are new.
In Section 2 we compare diffusive coupling to the Lie-Trotter approach, establish the connection to second order equations, and give examples. We cast the problem into the framework of singular perturbations in Section 2.3 and prove results on global behavior in Section 2.4. In Section 3 we introduce the concept of quiescent phases, study local stability of stationary points in Section 3.1, then periodic orbits in Section 3.2, and global behavior of systems with quiescent phases in Section 3.3. Finally, in Section 4 we prove the generalized Lie-Trotter approximation (Theorem 1).
Coupled Systems
Let f and g be smooth vector fields on R m . The differential equationṡ
have unique local solutions. One way to couple these two equations is the classical Lie product formula, the other is diffusive coupling. Here we compare both approaches.
The Lie-Trotter Approach
Let χ : R → [0, 1] be a piecewise continuous function of period 1. For δ > 0 consider the periodic system with period δ
with the initial datum u δ (0) = u 0 . For a fixed time horizon T consider the solution u δ (t) for 0 ≤ t ≤ T for δ → 0. The limiting function u(t) satisfies the autonomous equationu
with ρ 1 = 1 0 χ(s)ds, ρ 2 = 1 − ρ 1 , and the initial datum u(0) = u 0 . Although this statement it intuitively obvious, the proof is not that obvious, in particular as the important special case, i.e., the Lie product formula for matrices exp{A+B} = lim k→∞ (exp{A/k} exp{B/k}) k (Lie 1875) is usually proved via estimates for matrix products, see [1], p. 254, and [8] , p. 496. In the following is the maximum norm on R m and the corresponding operator norm. 
